I. Introduction
Let C C IP 3 be a smooth, proper, algebraic curve over an algebraically closed field k. 3 If the projection re" C~IP~ of C from a point ve IP k -C is such that re : C--*re(C) is birational and such that the plane curve re(C) has only cuspidal (unibranch) singularities, then we say that re is a cuspidal projection of C.
Ferrand showed that a curve that admits a cuspidal projection is a settheoretical complete intersection, if the base field k has positive characteristic IF1]. He therefore asked: which curves admit a cuspidal projection? What we present below, grew out of an attempt to answer this question. The problem is viewed here mainly as a geometrical one. Therefore we first attack it in the characteristic 0 case ; the passage to positive characteristic is deferred until the last section (Sect. 5).
Suppose a cuspidal projection re:C-~lP 2 exists. Then clearly the centre of projection v has to lie on the tangent developable of C, and v has to be very singular on this surface. Namely, if C has degree d and genus 9, then re(C) has 6= 89 cusps (counted properly), because there are no other kinds of singularities (no self-crossings). For example, v could be a 6-multiple point of the developable, or re(C) could have cusps of higher order, arising from v lying on tangents to C at points of inflection or hyperosculation.
One expects a "general" curve C C IP 3 to be such that its tangent developable has no points of multiplicity greater than 3, that it has no points of inflection, and that cusps arising from projection along tangents at points of hyperosculation are not worse than double. Therefore, it is natural to believe that a general curve, with 0025-5831/81/0256/0095/$05.00 R. Piene 6 =>4, does not admit a cuspidal projection. We shall show that this holds for curves of genus 4 and degree 6 -these are canonical curves, and they have ~ = 6. Our results can be stated as follows: Theorem 1. Every curve with 6 < 3 admits a cuspidal projection.
Theorem 2. A general canonical curve of genus 4 does not admit a cuspidal projection.
Note that a canonical curve C C IP 3 (of genus 4) is the complete intersection of a quadric and a cubic surface. Hence Theorem 2 indicates that there is no relation in general between the property of admitting a cuspidal projection and that of being a (set-theoretical) complete intersection. If fact, the curves in Ferrand's theorem are the set-theoretical intersection of a very special surface -namely the cone of the cuspidal projection -with some other surface, and, as he remarked later [F2], this can only happen in positive characteristic.
Theorem 1 is proved by examining each type of curve satisfying 6 < 3. Because of Castelnuovo's bound on the genus of a space curve, there are only three cases : the twisted cubic, and the elliptic and rational quartics. In the characteristic 0 case, we study the possible configurations of the tangents to these curves ; in particular, we use Telling's classification of rational quartics [T] . The proof also requires some general facts about the tangent developable and its singularities, and thus links up with classical enumerative geometry [Z] -the necessary material is gathered in Sect. 4. In the course of the proof, the various types of possible cuspidal projections are described.
In order to prove Theorem 1 in positive characteristic, we use the existence of a lifting of the curve and its embedding to characteristic 0. Then we apply the characteristic 0 version of the theorem to the lifted curve, and show that the cuspidal projection "specializes" to the given curve.
Theorem 2 is proved by showing that the presence of certain phenomena, necessary for a cuspidal projection to exist, implies that the canonical curve does not have general moduli. We use the fact that these curves are complete intersections (so that we have a nice parametrization of them), and that they lie on a quadric surface. We do not here pursue the question of generalizing Theorem 2, though it is reasonable to believe that similar methods work to prove the same result for other curves that admit a good parameter space.
For Theorem 2, the characteristic 0 proof works essentially as it is also in positive characteristic.
Projection of Branches
Fix a base field k, algebraically closed and of characteristic 0. Let P = IP~ denote projective 3-space over k -in the coordinate free way we shall also write P = IP(V), with V a 4-dimensional vector space over k. Let C O C P be a reduced, closed curve, and let h : C~C o denote its normalization. We shall assume that C O spans P, i.e., C O is not contained in a plane.
